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ON SPECTRAL ANALYSIS OF NON-MONIC
MATRIX AND OPERATOR POLYNOMIALS,
I. REDUCTION TO MONIC POLYNOMIALS

BY
1. GOHBERG AND L. RODMAN

ABSTRACT

Three recent papers [1, 2, 3] developed the basic concepts of a spectral theory
for matrix and operator monic polynomials. In this paper we continue the study,
replacing the requirement of monicness by a weaker condition.

Introduction

This paper is an extension of the theory developed in [1, 2, 3] for monic
polynomials. Really we require here that the polynomials have a finite number
of spectral points only. This extension leads to complications which make it
necessary to consider the spectrum at infinite.

The present paper is the first of three parts. The first two parts are concerned
with the finite dimensional case, and the third with the infinite dimensional case.
In the second part will be studied the influence of the spectral structure at finite
points only.

The basic strategy of this paper is to reduce the problems for non-monic
polynomials to problems for monic polynomials and then to apply the results of
(1, 2, 3}.

§1. General definitions

Let C.. be the complex linear vector space of dimension n, and let B, be the
algebra of all n X n matrices with complex entries. Let

L(A) =D, AA,
j=1

be a matrix polynomial with A; € B, and argument A € C. The point A, EC is
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an eigenvalue of L (A) if det L (Ao) = 0. The set of all eigenvalues of L(A) is called
the spectrum of L(A), and denoted by o(L). The polynomial L (A) is regular if
o(L)# C or equivalently if det L(A)#0. In this case the spectrum o (L) is either
a finite set or else it is empty.

In this paper we deal only with regular polynomials so the word “‘regular’ will
be omitted. We suppose also that L(0) = I, and call such polynomials comonic.
In fact there is no loss of generality because if L (a) is invertible we can shift the
argument and study the polynomial L™ '(a)-L(A + a) in place of L(A).

Let L(A) be matrix polynomial and let A,€ ¢(L). Then there exists a
holomorphic vector valued function ¢(A) with values in C, and ¢(A,) # 0, such
that the function L(A)¢(A) vanishes at the point A,. We call ¢(A) a root
function of L (A) corresponding to A. The order of A, as a zero of L(A)@(A) is
called the multiplicity of ¢ (A), and the vector ¢ = @d(Ay) an eigenvector of L(A)
corresponding to Ao. The eigenvectors corresponding to A, form a linear space:
Ker L (Ao). By the rank of an eigenvector ¢, we mean the maximum of the
multiplicities of all root functions ¢ (A) such that ¢(A¢) = ¢o. The rank of ¢, will
be denoted rank ¢. A root function ¢(A) such that ¢(A,)= ¢, and the
multiplicity of ¢ (1) is equal to rank ¢,, is called a maximal root function. Note
that if

¢(A)=§)¢,—(A—w

is a maximal root function and if r = rank ¢, then the chain of vectors
¢o, ¢4, ' -, ¢, is a Jordan chain of L (A) corresponding to the eigenvalue A, i.e.

-

|

1 ,
oﬁL(')(/\O)dh'—i =0, j=0,--,r—1

The vectors ¢, - - -, ¢, are called generalized eigenvectors corresponding to ¢,
and A,.

For every eigenvalue A, of the matrix polynomial L (A) we define a canonical
set of eigenvectors and generalized eigenvectors in the following way: let
¢§’ € Ker L (A,) be an eigenvector with maximal rank. Let

SO = 2 SO = Aoy

be a maximal root function such that ¢®(Ao)= ¢§’. Suppose that the root
functions

dPM) =2, ¢ —A), k=1,---,j—1,
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are constructed. Let ¢§’ be an eigenvector with maximal rank in some direct
complement in Ker L (A,) of the linear span of the vectors ¢§°, - - -, § 7. Let

$P(N) = 2 6P~ Ao)
be a maximal root function such that ¢¥(A)= ¢§’. By a canonical set of
eigenvectors and generalized eigenvectors we mean the ordered set

m .. M p@ L, @ ... k) L (k)

[ 3 =1, 0 y rp—1, ) 0 s ’ n—1s

where r;, =rank ¢§’, j =1,---, k; k = dimKer L (A,). We write such a canonical
set of eigenvectors and generalized eigenvectors in matrix form:

X(A) = (L ¢V 1p@ - D, pE - $®):
J(A0)=diag(]1,]2,"',]k),

where J; is Jordan cell of size r. with eigenvalue Ao, and diag (J,, Jo, - - -, Ji)
denotes the square block diagonal matrix whose main diagonal is given by
Ji, Iy - -+, Ji. Hence X (Ao) is an n X r matrix and J(Ao) is an r X r matrix, where
r =3F.,r, is the multiplicity of A, as a root of det L(A).

The pair of matrices (X (Ay), J(Ao)) is a canonical pair of L (1) corresponding to
Ao. Taking a canonical pair (X (X)), J(A;)) for every eigenvalue A; of L(A), we
define a finite canonical pair (Xg, Jr) of L(A):

Xe=(X(M)XA2) - X(K,)),  Je=diag(T(M), J(A2), -+, T (X)),

where p is the number of different eigenvalues of L(A).

Note that J is invertible (since L(0)= I). Note also that the pair (X, Jr) is
not determined uniquely by the polynomial L(A): the description of all finite
canonical pairs of L(A) (with fixed Jr) is given by the formula (XrU, Jr), where
(Xk, JF) is any fixed finite canonical pair of L(A), and U is any invertible matrix
which commutes with Jr. The finite canonical pair (X, Jr) does not determine
L(A) uniquely either: any matrix polynomial of the form V(A)L(A), where
V(A) is matrix polynomial with det V(A)=const# 0, has the same finite
canonical pairs as L(A). In order to determine L(A) uniquely we have to
consider (together with (X, Jr)) an additional canonical pair (X., J.) of L (A) for
A = oo, which is defined below.

Let ¢, j=0,1,---,5,—1;i=1,---,q be a canonical set of eigenvectors and
generalized eigenvectors of the holomorphic (at infinity) matrix function
AT'L(A) corresponding to the eigenvalue A = « (where [ is the degree of L(A),
i.e. the maximal integer j such that L%(1) # 0). We use the following notations:
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Xom (G0 0@ gD 0 @),
Jo= diag(.’wl, sz, T ,]aoq);

where J.; is a nilpotent Jordan cell of size s;. Note that (X.., J.) is a canonical pair
of the matrix polynomial L(A)=A'L(A"") corresponding to the eigenvalue
A=0

Now we define a canonical pair (X,J) of L(A) as two matrices X = (XrX.),
J = diag{J+', J.) of sizes n X nl and nl X nl.

ExampLE 1.1. Consider the matrix polynomial

-A-17 A
L(/\)=[ ]
0 A+1

In this case we can put down

1 00 1 110
sz[ ], JF=diag(’:0 1 1},—1),
0 0 0 -8 0 01
0 0 01
<L)
10 00

Therefore a canonical pair for L(A) is given by

and

X=(XFXm):[
0 00 -810

1 -1 1 0 1
J=diag(J7, J)=diag[l0 1 -1], -1, )
0 0 1 0 0

§2. Companion matrix and linearizations

100100]

Let
i
LA)=1+ > A
j=1

be a matrix polynomial of degree . The matrix
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0 I 0 0
0 0 I 0
R =
0 0 0 I
_AI _Al—l _A1~2 tet _Al

is called the companion matrix of L(A). Using the companion matrix, we have
two linearizations of L(A).
(a) Linearization in the finite complex plane:

(4] I—AR = B(A)-diag(L(A),L---,I)- C(A),
where
0 0 0 I
0 0 I 0
B(\) = .
0 I 0 0
I XA+ XA+ +A7TTA - AALIFARA AA,
and
0 0 o --- I
—Al
CA) =
0 I —A - 0
I — Al 0 0

are everywhere invertible matrix polynomials. Indeed, by straightforward calcu-
lation we obtain

MDA e AL T

ATLOATT - 10
C7'(\) =

I 0 00

and
(I-AR)C'(A)=B(A)diag(L(A),L---,I).
(b) Linearization at the point :

) A I-R=E\™")-diagA"LQA),L---,I)-FQA™),
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where
0 0 I
EA)=1}0 I 0
I _(AI+A1) A _(Al_lI+/\‘—2A1+"'+A1_1)
and
I 0 0 0
0 0 Al =1
F(A): v e
0 Al --- 4] 0
Al -1 --- 0 0

are everywhere invertible matrix polynomials. Indeed, a straightforward calcula-
tion gives

I 0 0

Al 0 -1
F_l()t)=

D B B A A S

and
(AU -R)F'A™")=E@Q ")diag(A\"'L(A), L ---,I).
Note that if (X, J) is a canonical pair of L(A) then J and R are similar. We
shall prove this later in detail.
§3. Connection with monic polynomials

Throughout this section let L (A) be a comonic matrix polynomial of degree 1.

For m =1,1+1,--- define a monic polynomial L,,(A)=A"L(A™") of degree
m. (By definition, a matrix polynomial is monic if its leading coefficient is I.) We
shall denote the column matrix

T,
T,

T,

by col(T;)-1. A pair of matrices (X, J,.) (where X,, is an n X mn matrix and J,,
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is an mn X mn matrix) is called a standard pair for the monic polynomial L,. (A)
if col(X,.Ji, "), is invertible and if the following representation holds:

L.A)=A"T =X, (T (Vit VaA + -+ VA7),
where
(ViVy- -+ V) = [eol (X, T

For more information about standard pairs of monic matrix polynomials we
refer to [1].

In this section we find the connection between canonical pairs (X, J) for L(A)
and standard pairs (X, J..) for L,.(A).

Consider first the case m = I and denote L (1) = L;(A). Then the key theorem
of this paper is

THEOREM 3.1. Every canonical pair (X,J) for L(A) is a standard pair for
L)

Proor. Let X = (XeX.), let J = diag(J¢',J.), and let A = (xox;- - x,) be a
Jordan chain for L(A) taken from Xr, and corresponding to the eigenvalue
A#0. Let

Ao 1 0 0
0 0 0 Ao

be a matrix of size (r + 1) X (r + 1). The columns of A - K™= A = (£,%, - - &)
again from a Jordan chain for L(\), and replacing A by A in X¢, we obtain
another canonical set of eigenvectors and generalized eigenvectors.
Let R be the companion matrix of L(A). If the vectors Y = (yoy,- - y,) are
defined by
=2

j=0

].l, [(CYPN)] [col (8% 1], i=0,1,---,1,

then (as follows from (1)) Y is a Jordan chain for I — AR corresponding to the
eigenvalue A,. Now as
VALY D ) SEEERENDY S |
CT'A)y=| A1 AL - I 0
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we have: Y = col(AK'~")iZh.

It is easy to check that the columns u;, j=0,1,---,r of YM(A,) (where
M(Ao) = ((— 1Y (ZD)A5")i ;-0 and it is assumed that (C]) =1 and (§) = 0 for g > p or
q=—1 and p > —1) form a Jordan chain for AI — R corresponding to the
eigenvalue A;'. Using the linearization (2) we obtain that the vectors to, t;,* - -, #,,
where t = F(Ao)u; + F'(A¢Yussr, i =0,---,r (by definition u_, =0), define a
Jordan chain for. the polynomial diag(L(A),L---,I) corresponding to A5
Taking the first n components of the nl-dimensional vectors t, we see that the
columns of AK'"'M(Ao) = AM(A,) form a Jordan chain for L (1) corresponding
to Ag'.

Applying this construction to every Jordan chain from Xr, we obtain a set of
eigenvectors and generalized eigenvectors of L(A) corresponding to the non-
zero eigenvalues. It is not hard to see that this set is a canonical.

Let Xr = (X:X; -+ X,) and Jr = diag(J7',J5",- -+, J;"), where X; is the j-th
Jordan chain of Xg, and J; is the corresponding Jordan matrix with eigenvalue
A #0. Then X = (X, - M(Ay),- -+, X, - M(A,), X..) is a canonical set of eigenvec-
tors and generalized eigenvectors of L (A) with corresponding Jordan matrix

J=diag(J;+ AT = AL+, ]+ (A7 = AL ).
Theorem 2 of [4] states that
[LM'=XWAI-T)'Y

whenever X is a complete canonical set of eigenvectors and generalized
eigenvectors of L(A), and J is the corresponding Jordan matrix. Theorem 14 of
[2] then assures that (X, J) is a standard pair for L(A).

The identity (which follows from the definition of M(A;))

TMO) T+ (A7~ aDI] = M(x)

implies that X = XM ™', J = MJM ™', where M = diag(M(A,), - -, M(A,), I), and
therefore that (X,J) is a standard pair for L(A).

ReMARK. A Jordan form for diag (J ', J..) can be included in a canonical pair
for L(A). Namely, (X -diag(M,I),J) is a canonical pair for L(A), where
X = (XgX.) and J = diag (J, J..); the matrix Jr is obtained from Jr by replacing
A; by A" on the main diagonal of Jr; the matrix M is defined as in the proof of
Theorem 3.1. Note that MM ™" = J¢'.

ExamrLE 3.1. Consider Example 1.1. Then, for this example, the matrix M
defined in the proof of Theorem 3.1 is equal to
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-1 1
M = diag 1,[ ],1),
0 -1

and the canonical pair (X,J) of L(A) given by

1 0 0 1 00
X = )
0 0 0 -8 10

1 -1 1 01
J=diag(0 1 -1], -1, )
0 0 1 00

is at the same time a standard pair for the monic polynomial

) AP=3A743A -1 A?
Li\)=AL(A7) = :

0 A3+ A2

We consider now the case m > I. Divide the matrices X,, and J,, into two
parts: X,, = (XnoXn1), Jn = diag(J..0, J..1), where the subscript 0 denotes the part
corresponding to the eigenvalue 0 of L,., and the subscript 1 denotes the part
corresponding to the non-zero eigenvalues of L.

Let (X,J)) be a standard pair for L, with Jordan matrix Jo=
diag(J",J@, -+, J"), where J is a nilpotent Jordan block of size K, j =
1,--+,r.Let X;p= (X{"X® - - - X{) be the corresponding partition of X,,. Then a
standard pair (X..,J.) for L,.(A),m >1, is given by the following formulas:

X-m1=X~ll; jml=~ill; jm():diag(jirl:)’j(rfl)y"'aj(n’:)),
where J9 is a nilpotent Jordan cell of size k; + (m — ) (by definition k; = 0 for
j>r)and

~ oa 52 -
XmO - (Xg )Om—IXS )Om—l e X?)Om~1a,+]0m—[—1 e anom—l—l),

where 0, denotes k columns of zeroes, and a,,;, &, .2, * *, @, is a basis of some
direct complement of Ker L;(0) in C.,.

Indeed, from the representation L,, (A) = A""'L,;(A) it is easily seen (from the
Smith form) that J, has the structure mentioned in the statement above. To
complete the proof it remains only to notice that ug, u1,* -+, u,0,---,0 (m —1
zeroes) is a Jordan chain for I, () for every Jordan chain uo, uy,- -, u, for
L:(A) corresponding to the eigenvalue 0, because
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£9(0) = ———= L4"(0).

1
j G+m-1I)

!
§4. Basic pairs

Let
!
L(A)=1+2 \NA,
i=1

be matrix polynomial of degree =/, and let R be its companion matrix.

A pair (Q, T) of matrices is called a basic pair for L(A) if Q is a n X nl matrix,
T is a nl X nl matrix, and for some invertible nl X nl matrix S, Q = (I0---0)S
and T = $7'RS. Note that if (Q, T) is a basic pair for L(A) and S is invertible,
then (QS, S™'TS) is also a basic pair for L(A).

THEOREM 4.1. Let (Xf J) be a canonical pair for L(A). Then
3) (col(XT));Z6)J = R (col(XJ');<0).
In particular, J and R are similar, and the pair (X, J) is a basic pair for L(A).
Proor. The equality (3) is equivalent to
XI'+AX+ALXT+ -+ AXTT' =0

(since (X, J) is a standard pair of the monic polynomial LA)=A'L(A™), and
the last equality is proved in [1]. The invertibility of col (XJ')/Z5 is proved in [1]
as well.

This theorem coupled with the results of [1] implies that the following
properties are equivalent:

(i) (Q,T) is a basic pair for L{A);

(i) (Q,T) is a standard pair for L(A)=A'L(A7");

(iii) col(QT’);Zy is invertible and

QT'+ A, QT '+---+ AQ =0.

Note that T is the second matrix of a basic pair for L(A) if and only if the
following two linearizations hold:

@) diag A"L(A), L+, 1) = G:(A™)A ' T = T)GoAA ™),
) diag(L(A), L -+, 1) = Hi(A)(I = AT)HA1),

where Gi'(A), G3'(A), Hi'(A), H3'(A) are matrix polynomials. The lineariza-
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tion (4) (but generally speaking not (5)) is sufficient to ensure that T is the second
matrix of a basic pair for L(A).

To illustrate the theory let us now consider the differential equation

© L(&) =0

and the difference equation

) L(A)g =0; Ag =g+, 1=12,---.

Let (Q, T) be a basic pair for L(A), and let A be the kernel of the projector

1

— _ ~1
7o ), A= T)dA

where ¢ >0 is small enough. Then the general solution of (6) and (7) is given by
the formulas

) f(t1)= 0 -exp[t(T|A)")x, xEA;
&= Q(T]A)"“x, xEA, r=1,2---

Indeed, substituting f(¢) from (8) into (6), we get
\ 1
L (%) f(r) = (Q cexp(tT )+ D, A,QT~ -exp(tT“)) X
j=1

1
= (QT’ + AiQT“i) T exp(tT )x =0.
i=1

It is easy to see that the solutions f(t) given by (8) form a k -dimensional vector
space, where k = dim A. Note that dim A is just the degree of det L (A), and since
the dimension of the solution space of (6) is equal to the degree of det L(A) (see

[4,5]), every solution of (6) has the form (8). The proof for the equation (7) is
similar.

8§5. Representation of matrix polynomials

Using Theorems 3.1 and 4.1 and the representation theorems proved in [1, 2]
for monic polynomials we are able to find representations for comonic polyno-
mials: let L(A) be a comonic polynomial and let (Q, T) be a basic pair of L(A);
then L(A) has the right standard form

LA)=I1-QT'(ViA'+ VoA '+ -+ + VL),
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where (V,V;- - V,)=[col(QT");=5]”’, and the left standard form
14(/\)= I_(A‘W1+ Al_1W2+ e AW[)T’Y,

where Y = [col(QT");Z6]" - col(8ul)i-, and col(W;)j-1 = (Y, TY, -, T"'Y)™""
In particular, for each canonical pair (X, J) for L(A), the identity

LAY =I-XI'(ZA '+ ZA""+ -+ ZA)

holds, where (Z,Z,- - - Z;) = [col(XJ');=0) .

~ Indeed, since (Q, T) is a standard pair for L(r), the right and left standard
forms for L(A) follow from the right and left standard forms for the monic
polynomial L(A) (theorems 1 and 3 of [1]). The representation using the
canonical pair (X, J) then follows from Theorem 3.1.

TueoreM 5.1. Let Li(A) and Lo(\) be comonic matrix polynomials each of
which is of degree =1 Let (X,J;)=((XirXj=), diag(J#,Jix)), j=1,2, be a
canonical pair for L;(A) which is partitioned into finite and infinite parts.

If X\r = Xyr and J\¢ = Jsr, then the quotient of the division of Ly(A) by Lo(A) on
the right is an everywhere invertible matrix polynomial of degree = max(y,1)+1,
where v is the smallest positive integer such that Ji.= J3.=0.

Proor. We divide Li(A) by Li(A) on the right using the right standard form
as described above. The process of division is similar to that which is described in
theorem 6 of [1].

We have:

L,' A =I_X';V;i/\'+V2jA‘_l+"‘+V1-A, j=1,2,
4

where (Vy;Vy; -+ Vi) = [col (XJ; )i-] ™
Let

Fa5=X117V31, Gaﬂ=X2Jngz, B=1,2,"',l; a=0,1,2,"',

and

i-1
CI)(k, i) = Gl+i,1—k - FI,I—i—k - Z FI,I—iGH-i—l—j,I—k’
j=0

k=0,1,---,1-1;i=0,1,2,---, with the understanding that G, = F,; =0 for
0

Ll(A)= [I—{»;Q(O,]’)Ai*l] LZ(A)"';)@(]',I')/\”’-”.

Hence it is sufficient to prove that ®(k,i)=0 for i = max(y, I).
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By the definition of y it follows that X,J{= X,J% for every u 2 v, since
Xir = Xor, Jir = Jor. Moreover, F,;-i.,=0 for k=0,1,---,1—-1 and i=]
(because then [ — i — k =0). Therefore, under the assumption i = max(y, l) we
have:

CD(k, i) = Gl+i,1‘k - 2 Fz,t—,'GHi—l—j,i—k
i=0

-1

= X2J£+i‘/l—k,2 - z XJy Vl—j,l - Xz-’éﬁ_l_’vl—k,z
j=0

-1

= XV X (2 V,_,-,IXIJ'I“") T Viss
ji=0
= X2];+i‘/l—k,2 - Xl-]llﬂvl—k,z =(.

We are now able to solve the inverse problem, i.e. we are able to reconstruct a
matrix polynomial given its finite and infinite Jordan chains.

A pair of matrices (Y, K) is called an admissible pair if Y is an n X p matrix
and K is a p X p matrix.

THEOREM 5.2. Let (Y, K) and (W, Ko) be admissible pairs with an invertible
Jordan matrix K and a nilpotent Jordan matrix K, which are such that the matrix
col(YK', WK {72, is square and invertible for some integer | >0. Then there
exists a unique comonic matrix polynomial L (\) of degree = I for which the pair
((YW),diag(K ", K,)) is canonical.

PrOOF. The desired polynomial L(A) is defined by L(A)=A'L(A™"), where
L(A) is the monic polynomial of degree I represented by the standard pair
((YW),diag (K7, Ky)). This is easy to check using Theorem 3.1. The uniqueness
of L(A) follows from its right standard form.

86. General triples
We begin with the resolvent representation of the matrix polynomial L (A).

THEOREM 6.1. Let L(A) be a comonic matrix polynomial of degree =1, and
let (X,J) be its canonical pair. Then

L7'(A\)=PTY(I-M)'Y"'P,
where PT=(0---01), Y = col(XJ');=o.

Proor. (X,J) is a standard pair for



146 I. GOHBERG AND L. RODMAN Israel J. Math.

LA)=AL(A™,
therefore
[CA)'=X@I-T)y'Z,
where
Z = [col(XT' )=o) " - col (8l )j =1

(see corollary 1 of [2]). Using this equation and the biorthogonality condition
XJ'Z=0forj=0,---,1-2, XJ""'Z =1, we see that, for A close enough to
zero,

L7M)=AT LA = A7 X (T - N)'Z
=ATIXT+M AT+ )Z
- A_14-1X(AI—IJI—1 + /\lJ' +.. .)Z = XJ'-I(I— /\])_IZ

and the theorem follows.

A triple of matrices (Q, T, B) (where Q is an n X p matrix, T is a p X p matrix
and B is a p Xn matrix) is called a general triple for L(A) if L7'(A)=
QI — AT)'B. The integer p is called the order of the general triple (Q, T, B).

Let (Q,T) be a basic pair for L(A). Then (Q,T,B) with B =
T [col (QT’);=6) ™ - col (81 );-. is a general triple for L (A). It is possible to check
that by repeating the proof of Theorem 6.1. We shall see that not every general
triple is such an extension of a basic pair.

As before, define the monic polynomial L(A) = A'L(A™"). A triple (Q, T, B) is
called a standard triple for L(A), if (Q, T) is a standard pair for L(A) and

B = [col(QT ") _1]" - col (8T )} -1.
The following lemma gives a partial description of general triples.

Lemma 6.1. Let (O, T,B) be a standard triple for L(A). Let X and Y be
square matrices such that XT'Y =T j=0,1,2,:--. Then (OX, T, YB) is a
general triple for L(A).

Proor. Expanding
LW =AT LAY '=0 - A" I-AT)'B

as power series in A for small A, and using the biorthogonality condition
OT'B =0, j=0,1,---,1—2, one can easily check that this expression coincides
with OX(I - AT)'YB.
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Taking X = I in Lemma 6.1, we obtain exactly all the basic pairs (Q, T) of
L(A). It is not hard to show that if T is invertible, then every general triple has
the form described in Lemma 6.1 with X = I and Y = T'™", and therefore is an
extension of a basic pair for L(A). It is not true for singular T as shows the
following example.

ExaMmrLE 6.1. Let L(A)=1 be a 2 X2 matrix polynomial and let I =2 (i.e.
we regard L(A) as polynomial I + A -0+ A2-0). The monic polynomial L(A) =
A?I has a standard triple (Q, T, B) with

[ L)
)

A triple (Q, T, B) is a general triple for L(A) if and only if JQT’B =0,j>0,
QB = I. So the triple Q = (1 0), T =0, B = col(l,0) is a general triple for L(A)
which is not an extension of a basic pair (because T is not similar to T).

Note that it is possible to replace T by [57] in the general triple (Q, T, B). Note
also that the general triple (Q, T, B) satisfies the equation

OT'+ A, QT"'+---+ AQ =0.

However the knowledge of a general triple of a matrix polynomial altows us to
calculate the coefficients of the polynomial and to find a general triple of a
product. These properties which will be proved below partially justify the
definition of a general tiple.

THOEREM 6.2. Let

!
LA)=T1+ XA,
j=1

be a matrix polynomial and let (Q, T, B) be its general triple. Then the A; are
determined by the recursive formulas:

ji-1
A,=-QTB; A=-QT'B-3 AQTB, j=2,---,1
=1

Proor. Write

I+ AA+- -+ MAN)QU+ AT +A’T*+---)B =1
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for A close enough to zero. Comparing the coefficients of A/, j =1,2,---,1 on
both sides and using the equality QB = I, we obtain the desired formulas.

THEOREM 6.3. Let Ly(A), Lo(A) be comonic matrix polynomials having gen-
eral triples (Q,, T\, B,) and (Q,, T, B,) respectively. Define matrices Q, T, B by

T1 Bl'Qz Bl
Q =(Q,0), T=[ ] B=[ ]
O Tz TZ'BZ

Then (Q, T, R) is a general triple of the product L(A)L(A).
Proor. The proof is similar to the proof of theorem S of [1]. We have:

(I - /\Tl)_l A(I - AT])—IBloz(I - ATz)_l
(I-AT)" =
0 (I - AT
(this can be seen writing (I — AT)(I — AT)™' = I). Then

0

QU -AT)! l: :I = AQ«(I = AT\ 'B1Qx(I = AT:) 'B;

B,
= ALT'(A)L3'(A).

On the other hand, for A close enough to zero,

0 - 0
Q(I—m-*[ ] mf[ ]
B, 1=0 B,

=A-2 AMQTB=XQ(I-AT)'B.
j=o0
By comparison with the preceding formula, the result follows.

§7. Divisors of a matrix polynomial

In this section we give a description of all the comonic divisors of a given
comonic polynomial L(A) of degree I

For two given positive integers k, and k;, let Div(k, k) be the set of all right
comonic divisors M(A) of degree = k, such that the quotient L(A)M }(A) has
degree = k,. This definition makes sense only if k, + k, = I. As before define the
matrix polynomial L, (A)=A"L(A™") for integer m = I

We say that the two right divisors M;(A) and M,(A ) belong to the same class if
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M,(A) = V(A)M:(A) for some matrix polynomial V' (A) which is invertible for all
A € C. According to Theorem 5.1, two divisors belong to the same class if and
only if they have canonical pairs with the same finite parts.

Now fix two positive integers k; and k, such that k,+k,=[ and let
m =k, + k,. Let (X,J) be a canonical pair for L(A). Then (as in §3) the pair
(X,J) can be extended to a standard pair (X, J..) for the monic polynomial
L..(A). It is clear that M()A) € Div(k,, k) if and only if M(A) =AM ") is a
right monic divisor of the polynomial L., (A). According to [1], each monic
divisor M(A) is defined by an invariant subspace A of J,. for which the matrix
col (X, (Jn | AY)fi5" is invertible:

k-1

M) =AM =X, (J. |[A) - D A7V,
j=0

where [col (X (J | AY i) = (Vo Vi - - Vi) Conversely, each such invariant
subspace A of J, is defined by a monic divisor of degree k; of L, (A). The
subspace A is called the supporting subspace of M(A). We shall say that A is also
the supporting subspace of the right divisor

ky

-1
M@A)=1-X,(Jn|A) Ak,
=0

I
of L(A).
We now describe the classes of divisors of L(A) in terms of the supporting
subspaces. Let {) be the kernel of the projector

P= ZLm . (AI-J.)'dA

where ¢ >0 is small enough. For every invariant subspace A of J., the
intersection A M) will be calied the {-projection of A. A pair of divisors
M(A), N(A)E Div(k,, k,) belongs to the same class if and only if the Q-
projections of their supporting subspaces coincide. Indeed, define M(A)=
ASM(A ™) and N(A) = AN (A ™). It follows then from the proof of Theorem 3.1
that M(A) and N () belong to the same class if and only if M(A) and N(A) have
the same non-zero eigenvalues and the same corresponding Jordan chains. The
last condition is equivalent to the coincidence of the projections of the
corresponding supporting subspaces, because () is the maximal invariant sub-
space of J,, such that J, |Q is invertible.

The following example shows that the set Div(k,, k.) does not always contain
a representative from every class of divisors.
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ExampLE 7.1. Let L(A)=diag((A —1)%,(2A — 1)). Then it is easy to check
that Div(1,1) contains only one divisor: diag(l—A,1—2A). But the right
comonic divisor diag (1, (2A — 1)*) of L () does not belong to the class of divisors
Div(1, 1).

For k,+ k, large enough, the set Div(k,, k,) contains a representative from
every class of divisors. This statement can be easily proved by considering the
Smith form. That will be analysed in more detail in the next part of this paper.

§8. Decomposition into linear factors

Our final result concerns polynomials for which all the elementary divisors are
linear.

Let L(A) be a comonic matrix polynomial of degree /, and let (X, J) be its
canonical pair. If J can be diagonalized, then L(A) can be decomposed into a
product of | linear factors. Indeed, denoting L(A)=A'L(A"") we have the
following decomposition:

L= r+2)

for some matrices Z,,Z,,---,Z,. This is a corollary of theorem 12 of [1].
Therefore,

L) = ﬁ (I+1Z).

This in turn implies the following result: if the degree of det L{A) is nl — 1, and
all the elementary divisors of L (A) are linear, then L (A) admits a decomposition
into a product of I linear factors.

Note that there exist comonic matrix polynomials which do not admit any
decomposition into a product of linear factors; [51'] serves as an example.
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